We analyze deciencies of commonly used Coulomb approximations in Generalized Born solvation energy calculation models and report a development of a new fast surface-based method (FSBE) for numerical calculations of the solvation energy of biomolecules with charged groups. The procedure is only a few percents wrong for molecular congurations of arbitrary sizes, provides explicit values for the reaction eld potential at any point of the molecular interior, water polarization at the surface of the molecule, both the solvation energy value and its derivatives suitable for Molecular Dynamics (MD) simulations. The method works well both for large and small molecules and thus gives stable energy dierences for quantities such as solvation energies contributions to a molecular complex formation.
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Solvent plays an essential role in biophysics in determining the electrostatic potential energy of proteins, small molecules and protein-ligand complexes. Solvation energy is a major contribution to the protein folding problem and to ligand binding energy calculations.
In the latter case it is the interaction, which is pretty much responsible for binding selectivity [14, 28] . Large scale Molecular Dynamics (MD) simulations [1, 18, 23] or industrial-scale calculations of the solvation energy in drug discovery applications require a fast method capable of dealing with arbitrary molecular geometries of molecules of vastly dierent sizes within a single, fast, numerically robust framework.
A solvation energy calculation for a molecule-sized object has always been and still is a challenging problem.
The most accurate approach is, apparently, a large scale MD simulation [24, 25] of the body of interest immersed in a tank of water molecules in a realistic force eld or even within quantum mechanical settings. Although being ideologically correct such calculations are time consuming and pose a number of specic problems stemming, e.g. from long relaxation times of water clusters.
One possible way to bridge such simulation gap is to employ dierent types of continuous solvation models.
Fortunately, water is characterized by a very large value of dielectric constant and therefore to a large extent the reaction eld of water molecules has a collective nature.
Although realistic properties of molecular interactions depend both on short-scale water molecules alignment and on their long-range dipole-dipole interactions at the same time [7, 8] , purely electrostatic models, such as
Poisson-Boltzmann equation solvers [2, 29] , turned out to be very successful in various applications.
Even within the realm of continuous electrostatic models there are numerous approaches in use to calculate the electrostatic contribution to solvation energies. Popu- * Electronic address: peter.fedichev@q-pharm.com; URL: http:// www.q-pharm.com lar techniques span from nite element methods (FEM, [2, 4, 5, 6, 16, 29, 35, 37] ) to multiple variations of Generalized Born (GB) approximations [11, 15, 20, 22, 26, 28, 30, 31, 34] . 
for the potential ϕ(r) generated by the charge density
dened by the atoms placed at the positions r i , and the boundary conditions at the molecules surfaces and spatial innity.
There are various ways to calculate the potential ϕ(r).
The most practical approach is to use some sort of nite elements method (FEM), which can be both in volume and boundary grids incarnations (see e.g. [4, 5, 6, 16, 26, 29, 35, 36, 37] given by the solution of the following integral equation
for the polarization charges surface density σ j (r) at the point r on the molecule's surface induced by the protein charges q j as shown on Fig. 1 . Here df is the element of the molecular surface at a point r , n is the unit normal to the surface at the point r. The exact formula for solvation energy is then:
where
stands for the so called reaction eld potential, produced by the water polarization charges on the boundary of the molecule Γ W . The total electric potential consists of the two parts:
is the potential of the charges in vacuum, i.e. in the absence of the water molecules. Since water is characterized by a large value of the dielectric constant, W ≈ 80 1, to a good accuracy the electric potential vanishes inside the water bulk so that 
The notations used in the expression are illustrated on 
P and W are dielectric constants for within the molecule interiors and water, correspondingly. The fac-
The eective Born radii R Bi of the ions are calculated according to
where s i = |s i |, s i = r − r i . In its volume integral representation Eq. (12) assumes the integration over the water bulk W , which can be easily transformed to an equivalent boundary integral form in a standard way with the help of the Gauss theorem [13] .
Various models are used to dene molecular surfaces and volumes. Normally the molecule volume is approximated as a set of spheres of specied radii a i , the individ- Common deciencies of GB approximation are very well known. Consider, e.g., a single charge q xed at a distance r from the center of a spherical molecule of a radius a. Eqs. (10)- (12) immediately yield:
On the other hand the problem is simple and can be solved exactly both for the reaction eld potential [17, 32] :
(r j = r j /r j ), and the solvation energy
for an arbitrary number of the charges within the sphere.
The solution has been long advocated by Kirkwood [19, 33] and takes especially simple form for a single charge
The approximate GB solution (14) where
where the integration is performed over the molecule interior P . GB approximation accounts for the electro- Up to date there have been a few sound attempts to go beyond CA and obtain better recipes for the Born radii as discussed, e.g., in [13, 27] . In what follows we dwell into the physics behind the Born radii calculations and generate a whole family of approximations for molecular electrostatics.
III. HOW TO FIND BORN RADII?
In this section we part from CA and demonstrate a new way to calculate the polar part of the solvation energy.
The practical goal is to combine the accuracy of FEM or SES models with the speed and numerical stability of GB approximation. To prove this is possible we identify GB solution as a possible variational solution of the Poisson equation (1) . Given a set of known positions of the atom charges, we suggest the following GB-like anzatz for the reaction eld potential ϕ 1 :
whereR (r) is the variational function, R j ≡ R(r j ). The true solution of the electrostatics problem provides the minimum to the functional:
Since the potential vanishes at the molecule boundary Eq. (8) 
in the classic volume integration form, or, equivalently, in the surface integration form
for each of the charges. Here s i = |s i |, s i = r − r i , and the polar part of the solvation energy (the reaction eld energy) is given by a Kirkwood like expression
with
Although at a rst glance FSBE approach does not seem to be very dierent from GB approximation, the solution (19) is a much better approximation to the solution of the original electrostatic problem. To see that let us turn back to the example of a charge conned within a spherical cavity of radius a. The new improved Eq. (20) for the generalized Born radius gives
which, after inserting into Eq. at the interface boundary. Indeed, the standard form of the electrostatics boundary condition for the electrostatic potential reads:
is the full electrostatic potential. Next to the boundary (r → Γ W ) R (r ) ≈ 2h → 0, where h is the distance from a given point to the surface. Combining the expressions above we obtain:
Note, that the standard GB approach may, in principle, also be used to calculate σ S . Nevertheless such an approximation would not be good since GB approximation for R (r) is twice as small than that of the exact result (23).
FSBE can not, of course, be exact for an arbitrary molecule geometry. Eqs. (20) and (22) Consider the rst example: a plain layer-like molecule (or membrane) of the thickness L surrounded by the continuous water on both sides with a charge q placed inside the layer at the distance z from one of the water interface planes. The exact result for solvation energy is [17, 32] (
Eqs. (20) and (22) be used to nd FSBE approximation for the solvation energy (E S ) F SBE = −q
Once again, to characterize the dierence between the approximate FSBE and the exact results we plotted the ratio of (E S ) F SBE to the exact solvation energy (E S ) ex on Fig.3 . As in our spherical cavity example above the two results coincide at the dielectric boundary (as it should be) and deviate from each other in the center of the layer. The discrepancy does not exceed 9%, which is nothing compared with the factor of 2 in the case of the standard GB approximation.
Another challenging case is the calculation for a single charge q placed within a corner made of two perpendicular innite walls (the xz and yz planes). Once again, our FSBE result
where ϕ is the azimuthal angle between the position of a charge and the xz plane, r is the distance from the charge and z axes (the intersection of the walls). The result should be compared with the exact solvation energy (E S ) ex = −q 2 sin ϕ + cos ϕ − sin ϕ cos ϕ 4r sin ϕ cos ϕ .
Once again, the ratio of the two energies is plotted on Fig.4 . The dierence is no more than 6% in the center of the system and disappears at the corner boundaries (as it should be).
The presented results prove that Eqs. (20) and (22) dening FSBE approximation do provide a fairly good solution of the electrostatic problem in various geometries. Whenever a charge is placed close to an interface 
Let us show how our surface integral representation of the Born radii (21) let us to express the forces in terms of the surface integrals. To calculate the derivative ∂R i /∂r j we shift the atom j with coordinates r j by a small value dr j and observe how the surface elements df are aected by the atom move. Then the molecule volume changes by the value dV = dr j df , which lets us calculate the Born radius change using the Eq. (21) as follows show how GB implementation dened by Eqs. (21), (26) and (27) performs in a few model and realistic situations. understand. At innite separation both curves saturate at −0.125, which is the correct Born solvation energy limit in units of 1389 kJ · Å/(mol · e 2 ) for a pair of the charges corresponding to bare radii 2. If the total charge is 0 (the blue curve), at r = 0 we have E S = 0 as it should be for a neutral system. If the total charge is 2 × 0.5 = 1 (the red curve), then at r = 0 we have E S = −0.25, as it should be for a combined charge within the sphere of radius 2.
Although the asymptotic values on the graph are ne, The dierence between FSBE method and "classic" GB approaches and its relation to the exact solution be- Fig. 2 ). The The apparent deciency of the method for large Born radii is also explainable: large R B correspond to deeply buried atoms, which is exactly the situation when FSBE results deviate from the exact solution most. We note that FEM such as SES are merely attempts to solve electrostatics problem in a complicated molecular geometry and may be sometimes produce wrong energies due to its own method specic problems.
V. CONCLUSIONS
The results and the analysis above suggest that our where α is the variational parameter, and C α is a simple geometric factor, depending on the choice of α. (24) and hence obtain the solvation energy in essentially O(N ) time and memory, as described in our subsequent work [10] . hydrogen bonds networks rearrangements [8, 21] nor water molecule orientational interactions in a polar liquid [9] . Nevertheless, the idea to prescribe Born approximation a variational interpretation may serve as a universal framework to generate approximate solutions of arbitrary partial dierential equations, including those of more sophisticated water models, such as [7] .
